Claude Leforestier. Water dimer equilibrium constant calculation: A quantum formulation including metastable states.
I. INTRODUCTION
The importance of the water dimer (H 2 O) 2 stems from its potential role in several atmospheric processes. It has been specifically invoked in the excess absorption of solar radiation, [1] [2] [3] [4] [5] [6] the water continuum absorption in the far infrared, 7, 8 homogeneous nucleation of water into droplets and ice, 9, 10 and catalysis of important chemical reactions, 11, 12 such as acid rain formation. For a long time however, its actual influence remained elusive as its concentration and variation with temperature were not clearly established. The only available values for the dimerization constant K p (T) were from the thermal conductivity of the classic steam experiments of Curtiss et al., 13 which provided results over a very limited temperature range (358-386 K). Another source of experimental data came from the measurement of the second virial coefficient (SVC) B(T) through the approximate relation, 14 to be discussed later on,
where b 0 is the so-called excluded volume. In the last decade, new experiments were specifically devoted to assess this problem. These studies have mainly concentrated on the infrared absorption in the fundamental, first overtone, and first combination band of the water monomer vibrations, [15] [16] [17] [18] [19] but studies in the visible were also realized. Recently, Tretyakov et al. 20 directly measured the dimer absorption of millimeter-wave radiation in water vapor at 296 K and equilibrium conditions. From all these studies, one can esa) Electronic mail: claude.leforestier@univ-montp2.fr timate a K p value lying between 0.03 and 0.06 atm −1 at room temperature.
So far, theoretical calculation of the dimer equilibrium constant relied on the explicit evaluation of its partition function 21 Q D (T)
where λ is the thermal de Broglie wavelength, or, equivalently, from the thermochemical relation 22, 23 K p (T ) = exp{− G o /RT }/p o .
In most cases, the Q D partition function or the Gibbs free energy of formation G o were evaluated from frequencies calculated at the equilibrium geometry of the dimer and corrected for anharmonicity for the water dimer [24] [25] [26] or the formic acid dimer. 27 More recently, this function has been computed from an explicit calculation of the energy levels on an ab initio six-dimensional energy surface, further adjusted to reproduce the Vibration-Rotation-Tunnelling (VRT) THz spectrum. 28, 29 This approach culminated in the explicit consideration of monomers' flexibility, 30 as described by a 12-dimensional potential fitted to VRT experiments. 31 In the temperature range of interest for atmospheric processes (∼300 K), such a calculation turned out to be very difficult due to the following reasons:
J-shifting approximation, 32, 33 from the results obtained for (J ≤ 5, K ≤ 5) in the symmetric top approximation; (ii) for most of these (J, K) values, all vibrational levels up to dissociation are significantly populated, and were computed by means of the Lanczos algorithm; (iii) consequently, resonant or metastable states are expected to play a role 34, 35 which was totally ignored in the calculation.
It should also be noted that the empirical flexible potential 31 used in this study turned out to be too attractive (D 0 1230 cm −1 ) with respect to the recent experimental 36 value D 0 = 1105 cm −1 . The problem of the contribution of resonances to the SVC, which is related to K p (T) (see Eq. (1)), was addressed initially by Hirschfelder and co-workers 14, 37, 38 who wrote its expression as comprising three different terms,
arising, respectively, from collision, bound, and metastable pairs of monomers. They were able to compute these different contributions, using classical collision theory, in the case of spherically symmetric interaction model potentials. For more complex potentials, they proposed to use the simple relation (Eq. (1)) where b 0 was identified to the free (unbound) contribution B f (T). This relation was used by Curtiss et al. 13 with an empirical value b 0 = 38.5 cm 3 mol −1 to estimate the equilibrium constant of water. The contribution of metastable and collision pairs to the virial coefficient was later formally addressed by Smith 39, 40 in a quantum collisional framework. The basic idea is to assume that pairs of molecules involved in any collision act like a single bound molecule for the duration of the collision lifetime, and the formulation relies on the collision lifetime matrix Q = i¯S † dS/dE which provides the complex energy spectrum. The dimer partition function Z D is then obtained from the expression
The calculation of the collision lifetime matrix Q for the much simpler case of the HO 2 system 41 already represented a tour de force. Such a procedure cannot be envisioned for the water dimer as this matrix would have to be determined at every resonance energy and for every relevant total angular momentum value. Generalization of the classical phase space partition method of Stogryn and Hirschfelder to more realistic potentials was studied by Rainwater, 42 Vigasin and coworkers, [43] [44] [45] [46] and by Schenter 47 in a quantum mechanical formulation. Schenter et al. 48 thus showed that the equilibrium constant of water dimer can change by two orders of magnitude in the range 200-500 K depending on the choice of the partition.
In this work, we propose to determine the equilibrium constant from Eq. (1), where the SVC B(T) is evaluated within a quantum quasi-exact formulation which does include its three different contributions as explicited in Eq. (4), and from a simple physical definition of the excluded volume b 0 (T) based on the equation of state of a monomer-dimer mixture. The outline of this paper is as follows. In Sec. II, we briefly recall the system definition used for a water dimer with flexible monomers, and present our quantum formulation of the SVC. Section III first elaborates on the relation (1) between this coefficient and the equilibrium constant, and uses it to determine it over a whole range of temperatures, which are compared to available experimental values. Finally, some conclusions are drawn in Sec. IV.
II. SECOND VIRIAL COEFFICIENT
In this section, we present quantum calculations of the SVC B(T) of water to different approximation levels related to the way the density operator is handled. These results will be compared both to their available exact quantum, obtained by the Path Integral Monte Carlo (PIMC) method, and experimental counterparts. But first, we briefly recall the formulation used to handle two interacting, rigid or flexible, monomers as required to perform these calculations. This latter method has been described in full detail in a recent paper. 49
A. System description
After reduction to its center of mass, an AB complex made of two rigid molecules A and B can be described in terms of the relative vector R and two sets of Euler angles A and B , X standing for the three angles labelled (χ X , θ X , ϕ X ). We use the rigid monomers Body-Fixed formulation of Brocks et al. 50
where μ AB is the reduced mass,Ĥ X rot andĵ X are, respectively, the rotational Hamiltonian and angular momentum of monomer X,ĵ AB =ĵ A +ĵ B is the coupled internal rotational angular momentum, andĴ =ĵ AB +L is the total angular momentum (L is the relative angular momentum between the monomers' centers of mass).
The kinetic energy operator (KEO) of Eq. (6) leads to simple matrix elements in the overall spectral basis set
where {|n } is an appropriate basis for the interfragment distance R, |j, k, ω is a Wigner function, and {|J, K, M } is the Wigner basis set associated with the overall rotation of the complex. The basis B can be projected onto the different Irreducible Representations (Irreps) of the molecular symmetry group (G 16 for water dimer) governing the system 51
The most compact representation for a rigid potential en-
Actually, the intermolecular potential V AB does not depend on = ϕ A + ϕ B , and this angle serves as the third angle orientating the Body Fixed frame. 50 Transformations between the spectral and grid representations, as required to act the potential operator on a wavefunction, are performed by means of a sixdimensional pseudospectral scheme described previously. 52 This pseudospectral scheme, which relies on gaussian quadratures and fast Fourier transforms, allows one to easily compute any integral of the form
whereÔ is some operator. The method consists in first expressing the function F (R, A , B ), defined by its value on the grid, in terms of the B basis set functions by means of the inverse transform of the pseudospectral scheme. One can then apply the operatorÔ in the basis set, transform back to the grid representation, and evaluate the integral by the underlying quadratures. In practice, one first performs integration over the Euler angles A and B . The resulting F(R) function is finally integrated by means of a Simpson quadrature.
B. Flexibility correction
The principle of flexible calculations has been described in full detail in a recent paper 49 which also introduced the flexible CCpol-8sf potential to be used in this work. We only recall here its main features for sake of clarity. In order to deal with the flexibility of the monomers, we replace the above rigid potential V AB (R, A , B ) by its adiabatic counterpart V ad AB (R, A , B ) which takes into account the variation of the intramolecular zero-point energy as a function of the intermolecular geometry. Such an adiabatic approximation is justified by the high frequencies of these modes (1595, 3657, and 3756 cm −1 ) as compared to dissociation energy D 0 1105 cm −1 . 36 More specifically, if we denote, respectively, by Q and q X the intermolecular coordinates and the intramolecular ones of monomer X, the flexible, 12dimensional, potential is expanded as
where V opt (Q) refers to the intermolecular potential at optimized intramolecular geometries (q A opt , q B opt ) for the geometry Q,
V X (q X ; Q) corresponds to single-monomer correction, e.g.,
and V AB (q A , q B , Q) is the residual potential coupling term. At each point of the six-dimensional Q-grid, the ground adiabatic potential V ad AB (Q) can be solved either within the local monomer model approximation, 31, 53, 54 i.e., neglecting the residual term V AB (q A , q B , Q), or in a full variational ap-proach explicitly considering it. We used here this later approach, more computationally demanding as it corresponds to solving a six-dimensional vibrational problem at each point of the six-dimensional Q-grid. However, it should be noted that the local monomer approximation actually leads to negligible changes (less than 0.1%) in the computed SVC values for all temperatures considered here.
Another consequence of flexibility is to render the monomer rotational constants xx , yy , and zz (entering the definition of theĤ A rot andĤ B rot operators) dependent on the Q intermolecular geometry,
where the X αα (Q) rotational constants are averaged over the instantaneous adiabatic monomer states. Such a dependence was investigated in our paper, and was shown to be essentially accounted for by only retaining the R-dependence, provided that one defines effective rotational quantities X zz (R) obtained from averaging over the A , B Euler angles. Typically, such an approximation allowed us to retrieve exact energies within less than 0.1% up to more than half the dissociation energy.
C. Different approximations
The standard definition of the SVC 21 reads
where Q m and Q d are the monomer and dimer partition functions, respectively, and V is the volume of the vessel containing the gas. As we are considering here flexible monomers, Q m and Q d should in principle receive contribution from the intramolecular modes of each monomer. However, the high frequencies of these modes render such a contribution negligible in the temperature range 200-1000 K considered here (e.g., Q 1,vib (800 K) 1.06). We will thus ignore the effect of excited intramolecular states, both in Q m and Q d , leading to
It should be kept in mind that the change in zero-point energy of these modes within the dimer is accounted for in the definition of the adiabatic potential V ad AB (Q). The SVC formulation for flexible monomers can thus be recast into the standard rigid monomer one, provided that the intermolecular potential V AB (Q) entering Eq. (6) be replaced by its adiabatic counterpart V ad AB (Q), and the Q-dependence of rotational constants (Eq. (11)) be considered.
We now capitalize on the rigid monomer second virial formulation of Wormer, 55 recalling the essential steps and the changes we bring in his derivation. The SVC can be written in terms of the density operator
whereĤ o AB =Ĥ o A +Ĥ o B stands for the space-fixed total hamiltonian of the two non-interacting monomers,Ĥ AB takes into account their interaction potential V AB (or V ad AB ), and SF recalls that the trace has to be evaluated in the space-fixed frame, that is considering the six coordinates r X (position in space) and X (orientation) of each monomer.
We will consider different approximations to the e −βĤ AB density operator of the form
where F is a function, not an operator, to be discussed later on. Our formulation departs now from Wormer's one as he relied instead on the following expansion:
and searched for an iterative solution ofT (λ). This crucial approximation (Eq. (15)) allows one to explicit the coefficient, using integration over physical space to evaluate the trace
where x X stands for the six coordinates of monomer X, and we have made use of the local character of V AB and F. Using the independence of the Slater sum
the coefficient expression simplifies to
(18) Finally, noting that V AB and F do not depend on the position of the center of mass (c.m.) of the dimer, one can perform the c.m. reduction and integrate its coordinates over the vessel volume V
The above integral is more easily evaluated after transformation to the body-fixed frame introduced in Sec. II A, which we will consider from now on.
Classical approximation
The well known classical approximation 56 consists here in using F = 1, leading to
Takahashi and Imada second-order approximation
A second order approximation has been proposed by Takahashi 
and will be shown later to actually be a function despite its operatorial expression. Following Schenter, 58 the contribution of this double commutator is usually taken into account through classical statistical simulations: it consists in adding the term
to the V AB potential in the second virial classical expression (Eq. (20)). In the above equation, F i is the force on molecule i exerted by the partner, the τ 's are the components of the torque on the molecule, M is the mass of each molecule, and the I's are the principal moments of inertia. Calculations are then carried out by Monte Carlo sampling over the Euler angles, and a numerical quadrature for the R distance. 59 In the work presented here, we consider instead an exact quantum mechanical evaluation of the double commutator of Eq. (21) 
whereP R = −i¯R −1 (∂/∂R)R. Straightforward algebra allows one to show the following relations:
TheĴ 2 andĵ AB .Ĵ operators contribute for zero as they give rise to nullĴ α V AB terms because the potential is invariant in the overall rotation of the dimer. But, as stressed by T Pack, 56 theĵ 2 AB terms do contribute and can be evaluated from Eq. (26).
One finally obtains for the double commutator expression
It should be noted that, because the angular momentum operators are hermitianĵ α = −ı¯∂/∂ . . ., the last two terms in the above expression are positive.
If performing flexible calculations, the above TI correction has to be modified in two ways. The first, trivial, one is to replace the V AB potential by its adiabatic version V ad AB as defined in Sec. II B. A second modification concerns the middle term of Eq. (27) . This term was established for rotational operatorsĤ X rot displaying fixed rotational constants. It was mentioned in Sec. II B that a consequence of flexibility was to turn these constants Q-dependent. However, considering R-dependent effective quantities X zz (R), obtained from averaging, allows one to retrieve quasi-exact energies. The corresponding rotational operators thus display the modified expressionĤ 
It is customary to define the effective potential V AB from (30) or from the correction Eq. (29) in case of flexible monomers, which recasts the Takahashi-Imada approximation in a form similar to the classical one (Eq. (20)),
(31) We report in Table I the B(T) values as obtained from the above quantum TI and classical approximations for the rigid TIP4P potential. 60 Using this potential allowed us to compare with the results obtained by Schenter, 58 respectively, from a quantum statistical (Path Integral Monte Carlo) method, the classical TI (Eq. (23) ), and the standard classical approximations. One can note that the quantum TI and PIMC results agree within 1%, except for the lowest temperature (250 K) where the quantum TI value lays halfway between the PIMC and classical TI ones. Calculation of B(T) at any temperature is extremely fast, once the corrective term [V AB , [Ĥ o AB , V AB ]] in Eq. (30) has been computed: typical times are 26 s and 105 s, respectively, on a 16-core processor.
D. Results
All the calculations presented in this work have been performed with the following basis specifications: (i) a Wigner basis set up to j = 11 on each monomer, (ii) a radial basis set of 125 sine functions spanning the box 4 ≤ R ≤ 46 a o , using the same number of grid points. Fig. 1 displays the SVC  B(T) in the range 250-1000 K as obtained within the TI and classical approximations using the recently developed flexible TABLE I. Second virial coefficient B(T) values (cm 3 mol −1 ), using the TIP4P potential. Schenter's results 58 correspond, respectively, to a quantum statistical method (Path Integral Monte Carlo), a classical statistical formulation of the Takahashi-Imada approximation and the classical approximation. Present results were obtained, respectively, from a quantum formulation of the TI approximation, and in the classical approximation.
Schenter
This work CCpol-8sf potential. 49 We also report this coefficient obtained from the TI approximation but for the rigid version 61 of this potential. In Figure 1 are also depicted the experimental values of Osborne et al., 62 Eubank et al., 63 and Kell et al., 64 as well as their fit by Harvey and Lemmon. 65 A detailed comparison at temperatures used in the experiments is given in Table II . One can note a very good agreement between the experimentally fitted curve and the results obtained within the TI approximation using the flexible potential over the whole range of temperatures reported. As our evaluation of B(T) is nearly exact, this agreement assesses the very high quality of the global CCpol-8sf potential, which was previously tested only on properties 49 (VRT spectrum and IR shifts) mainly sampling the inter-monomer equilibrium distance. It also demonstrates that flexibility is required in the calculation of the SVC. Although the rigid curve is roughly left-translated by 8 K only with respect to the flexible one, their quasi-vertical asymptotic behavior in the low temperature region leads to a 13% error at 300 K. This contrasts with the recent claim by Donchev et al. 66 who reported a reduction of 20%-40% upon consideration of flexibility in this temperature range. Eventually, the rigid TI results finally converge to the flexible ones for high temperatures. This can be understood as the rigid potential uses the vibrationally averaged (free) monomer geometry which becomes preponderant at large separations, more heavily sampled at high temperatures. Comparison with the classical curve shows that the quantum correction is needed up to high temperatures. For example, the error ranges from 30% at 300 K to 10% at 500 K.
III. EQUILIBRIUM CONSTANT K p (T)
The integration method used to evaluate the SVC (Eq. (19) ) does include the different contributions B f , B b , and B m as it corresponds to the trace of the integrand (1 − e −β V AB (R, A , B ) ) expressed in the physical space. It is thus strictly equivalent to the trace performed in the energy representation
where {|E b } denotes the bound states (E < 0), and {|E n } corresponds to the collision eigenstates (E > 0), which encompass the so-called free and metastable states.
A. Relation between B(T) and K p (T)
One considers the dimerization reaction 2M ↔ D.
If both M and D are considered as ideal gases
where α is the dimerization yield and p is the pressure at equilibrium, leading to the number of dimer moles,
n 0 = n M + 2n D being the total number of moles of M, either as monomers or within dimers. The equation of state for the mixture reads
The above equation departs from the usual formulation for ideal mixtures (see, e.g., Lambert et al. 67 ) in that we explicitly consider the dimerization yield α to be finite instead of taking the α → 0 limit. The way to take into account this nonzero value will be discussed later after we consider below the nonideality of the monomer gas. In such a case, the p M expression has to be modified according to
where b M would be the SVC of M in the absence of any dimer in the mixture, and the definition of which is deferred to Sec. III B. Equation (35) has thus to be corrected according to this contribution,
where we have made the approximation p M /p
as b M represents a small contribution as compared to B(T), and leads to the final expression for the equilibrium constant K p (T),
which leads to the usual relation (Eq. (1)) if we take α = 0. As shown by Eq. (33), the dimerization yield α depends on the equilibrium pressure p which is taken to be p = 1 atm, K p being usually given in atm −1 for this dimerization equilibrium. In order to solve Eq. (37), one thus has to know the α value corresponding to p = 1 atm at the temperature T of interest. Starting from the initial value α = 0, one iterates over first determining K p (T) from Eq. (37), which then provides a new α value by means of Eq. (33), until convergence. The influence of considering a nonzero α in Eq. (37) will be discussed in Sec. III C when we present the actual values of K p (T) obtained from the SVC B(T) computed in Sec. II D. But it can already be realized that it will lead to an increase in the K p (T) constant with respect to assuming α = 0 as 1 − α 2 > (1 − α) 2 .
B. Excluded volume b M (T)
Progress has been made recently concerning the notion of excluded volume, in relation to the Generic van der Waals equation, which naturally gives rise to a statistical mechanical definition of a mean excluded volume (see, e.g., Ref. 68). We will use below a simplistic formulation as the corrective b M term appearing in Eq. (36) is defined as the intrinsic SVC of the monomer. For the simple case of the hard sphere potential, it corresponds to the well known expression b 0 = 2 3 πσ 3 , where σ is the minimum approach distance. 69 By analogy, for an arbitrary potential V we define this intrinsic coefficient by the integral (similar to Eq.
where H is the Heaviside function and E thr is an energy threshold. It corresponds to the classically excluded volume above energy E thr , and gives the 2 3 πσ 3 factor for the hard sphere potential. We define E thr = 3 2 k B T which is the mean relative kinetic energy at temperature T, which renders b M temperature dependent.
A plot of b M (T) per mol is given in Fig. 2 in the range 200-600 K. After a sharp initial decrease, it coincides at room temperature with the 38.5 cm 3 mol −1 value recommended by Hirschfelder and co-workers, 37 and reaches the 31 cm 3 mol −1 value currently used in the van der Waals equation. The notion of excluded volume for water vapor has recently been discussed by Tretyakov et al. 70 They point out that "the excluded volume should be interpreted as the effective volume of intermolecular interaction due to the repulsive forces." These authors also conclude from their analysis that "it will first vary abruptly, probably exponentially, and then will decrease very slowly, remaining almost unchanged." 
C. Equilibrium constant K p (T)
The equilibrium constant K p (T) has been determined from Eq. (37), using the SVC B(T) obtained from Eq. (31) and the excluded volume b M (T) defined in Eq. (38) . As already mentioned before, its values as determined from Eq. (37) depend on the dimerization yield α corresponding to an equilibrium pressure p = 1 atm. We thus report in Fig. 3 the results obtained either from solving Eq. (37) (K p (α > 0)) or in the α → 0 limit (K p (α = 0)), in the range 260-400 K, as well as our previous results. 30 In Figure 3 are also represented the experimental results obtained by (i) Curtiss et al., 13 at high temperatures, based on the thermal conductivity of steam experiments; (ii) Ptashnik et al., 15 at temperatures 299 K and 342 K, from high spectral resolution pure water vapor absorption spectra, corrected from the Ma and Tipping continuum model 71 and using then water dimer intensities calculated by Schofield and Kjaergaard; 72 (iii) Nicolaisen 17 from IR absorption spectrum (4100-3200 cm −1 ) of water in CCl 4 solutions at 296 K, based on measurements of the atmospheric water absorption continuum 73 and calculations of the line strengths for the dimer. 74 Let first compare the new results with our previous calculation. 30 As was mentioned before, the empirical potential used previously was deeper (D 0 1230 cm −1 ) than the CCpol-8sf potential used in this work (D 0 = 1108 cm −1 ), which is in very good agreement with the experimental value 1105 ± 10 cm −1 recently measured by Rocher-Casterline et al. 36 by velocity map imaging. From the influence of the dissociation energy D 0 on K p (Eq. (2) ), one expects a global decrease in the new calculations, as shown at lower temperatures. On the other hand, resonances were not taken into account, in contrast to the method used in the present work. This should result in an increase of K p when these resonances become important, i.e., at higher temperatures.
